Abstract. The weighted shift operators turn out to be extremely useful in supplying interesting examples of operators on Hilbert spaces. With a view to study a continuous analogue of weighted shifts, M. Embry and A. Lambert initiated the study of a semigroup of operators {St} indexed by a non-negative real number t and termed it as weighted translation semigroup. The operators St are defined on L 2 (R+) by using a weight function. In this paper, we continue the work carried out there and obtain characterizations of hyperexpansive weighted translation semigroups in terms of their symbols. We also discuss Cauchy dual of a hyperexpansive weighted translation semigroup. As an application of the techniques developed, we present new proofs of a couple of known results.
Introduction
Let H be a complex separable Hilbert space and B(H) the algebra of bounded linear operators on H. Recall that for an orthonormal basis {e n } of H and a bounded sequence {α n } of scalars, a weighted shift operator T : {α n }, is defined by T (e n ) = α n e n+1 and extended by linearity and continuity. The flexibility of choosing a weight sequence {α n } allows one to construct several interesting examples of a variety of classes of operators. The class of weighted shift operators has been systematically studied in [16] . With a view to develop a continuous analogue of weighted shifts, M. Embry and A. Lambert [10] initiated the study of operators that can be defined by using a weight function (rather than a weight sequence). In fact, for a positive, measurable function ϕ, they constructed a semigroup {S t } of bounded linear operators on L 2 (R + ), parametrized by a non-negative real number t and termed it as weighted translation semigroup. In this paper, we further explore the semigroup {S t }, provide a variety of examples and present some important properties. In section 2, we set the notation and record some definitions required in the sequel. In section 3, we study some special types of weighted translation semigroups {S t }. In [10] and [11] , M. Embry and A. Lambert characterized hyponormal and subnormal weighted translation semigroups. Here, capitalizing on the theory of associating a special type of non-negative function to a special type of bounded linear operator as developed in [4] and [20] , we provide characterizations for completely hyperexpansive, 2-hyperexpansive, 2-isometric and alternatingly hyperexpansive weighted translation semigroups in terms of their symbols. In this paper, these four classes of operator semigroups are referred to as hyperexpansive weighted translation semigroups. In the process, we also obtain characterization of a contractive subnormal weighted translation semigroup in terms of a completely monotone function. Section 4 is devoted to the notion of Cauchy dual of a hyperexpansive weighted translation semigroup. We present a comparative analysis of weighted shift operators and weighted translation semigroups, especially in the light of Cauchy duals of corresponding classes and present new proofs of some known results.
Preliminaries
Let R + be the set of non-negative real numbers and let L 2 (R + ) denote the Hilbert space of complex valued square integrable Lebesgue measurable functions on R + . Let B(L 2 ) denote the algebra of bounded linear operators on L 2 (R + ).
Definition 2.1 : For a measurable, positive function ϕ defined on R + and t ∈ R + , define the function ϕ t :
Suppose that ϕ t is essentially bounded for every t ∈ R + . For each fixed t ∈ R + , we define S t on L 2 (R + ) by
Remark 2.2 : Substituting ϕ t in the above definition, we get
It is easy to see that for every t ∈ R + , S t is a bounded linear operator on L 2 (R + ) with S t = ϕ t ∞ , where ϕ t ∞ stands for the essential supremum of ϕ t given by
The family {S t : t ∈ R + } in B(L 2 ) is a semigroup with S 0 = I, the identity operator and for all t, s ∈ R + , S t • S s = S t+s .
We say that ϕ t is a weight function corresponding to the operator S t . Further, the semigroup {S t : t ∈ R + } is referred to as the weighted translation semigroup with symbol ϕ. Throughout this article, we assume that the symbol ϕ is a continuous function on R + . We now turn our attention towards extending the association of special classes of functions and special types of operator semigroups {S t }. We now record the definitions of the special types of functions under consideration for the sake of completeness. Recall that a function f is said to be of class C n if it is differentiable n times and the n th derivative is continuous. A function f is said to be of class C ∞ if it is differentiable infinitely many times.
A
where f (k) denotes the k th derivative of f.
These classes of functions have been extensively studied in the literature [6] , [15] , [21] and they get naturally associated with some special classes of operators. We find it convenient to record the definitions of the classes of operators under consideration for ready reference. Let T be a bounded linear operator on a Hilbert space H and n be a positive integer. Let B n (T ) denote the operator
An operator T is said to be (1) subnormal if there exist a Hilbert space K containing H and a normal operator N ∈ B(K) such that N H ⊆ H and
. For a detailed account on these classes of operators, the reader is referred to [2] , [4] , [9] , [13] , [14] , [20] .
We now quote a characterization of subnormal contractions given by J. Agler [1] which is used in the sequel. The assumption of continuity of the function ϕ in the above theorem is superfluous. It turns out that, if the semigroup {S t } is hyponormal, then the function log ϕ is mid-point convex. Now by a result of Sierpinski [19] , a measurable and mid-point convex function turns out to be continuous. 
Characterizations of hyperexpansive weighted translation semigroups
In this section, we continue the theme of characterizing some classes of weighted translation semigroups in terms of their symbols. We say that a semigroup {S t } is 2-hyperexpansive, m-isometry, completely hyperexpansive, subnormal, hyponormal, alternatingly hyperexpansive if each operator S t respectively belongs to that class. Consider a weighted translation semigroup {S t } with symbol ϕ. Observe that the adjoint of S t is given by
Further it is easy to see that,
Theorem 3.1. Let {S t } be a weighted translation semigroup with symbol ϕ. Let n be a fixed positive integer and ϕ ∈ C n . Then the following statements are equivalent:
Proof. We first prove (1) ⇔ (2). Note that for each
, for all t ∈ R + . This is true if and only if
Now by virtue of continuity of ϕ, this statement is equivalent to
We now prove (2) ⇒ (3). Since ϕ ∈ C n , we have
The proof of (3) ⇒ (2) follows from the fact that the repeated application of Mean Value Theorem gives
where
The proof of the following theorem is similar to the above.
Theorem 3.2. Let {S t } be a weighted translation semigroup with symbol ϕ.
Let n be a fixed positive integer and ϕ ∈ C n . Then the following statements are equivalent:
The following corollary now follows at once from Theorem 3.1 and 3.2.
Corollary 3.3. Let {S t } be a weighted translation semigroup with symbol ϕ and ϕ ∈ C ∞ .
Then (1) The semigroup {S t } is 2-hyperexpansive if and only if ϕ is a concave function. (2) The semigroup {S t } is m-isometry if and only if ϕ is a polynomial of degree m − 1. (3) The semigroup {S t } is completely hyperexpansive if and only if ϕ is a completely alternating function. (4) The semigroup {S t } is subnormal contraction if and only if ϕ is a completely monotone function. (5) The semigroup {S t } is alternatingly hyperexpansive if and only if ϕ
is an absolutely monotone function.
Remark 3.4 :
Note that if the semigroup {S t } is 2-hyperexpansive, then the symbol ϕ is mid-point concave. As in case of convexity, it turns out that a measurable, mid-point concave function is continuous and hence concave. Thus the statement (1) in Corollary 3.3 can be proved only under the assumption of measurability of ϕ. Also the statement (2) in Corollary 3.3 can be proved under weaker condition that ϕ ∈ C m .
We now give the characterizations of contractive subnormal and completely hyperexpansive semigroups {S t }, in terms of integral representations 
where c is a non-negative real number and µ is a measure on [0, ∞)
Remark 3.6 : We now observe that if ϕ is either completely monotone or completely alternating function, then the weight function ϕ t is essentially bounded.
(1) If the function ϕ is completely monotone, then ϕ ′ ≤ 0. Therefore ϕ is a decreasing function. Hence ϕ t ≤ 1 for all t ∈ R + . (2) If the function ϕ is completely alternating, then ϕ ′ ≥ 0 and therefore ϕ is an increasing function. Hence ϕ t (x) ≥ 1 for x ≥ t. We now prove that for every fixed t ∈ R + , lim x→∞ ϕ t (x) = 1. It is sufficient to prove that
Since ϕ is a completely alternating function, by Proposition 3.5(2), we have
Note that F (x) = e −a(x−t) − e −ax is a decreasing function and F (x) tends to zero as x → ∞. By Lebesgue monotone convergence theorem, the integral As noted in Corollary 3.3(1), the symbol for a 2-hyperexpansive weighted translation semigroup is concave. Now in view of [8, Lemma 3.16] 
For x = 2, y = 3, we have ϕ 1 (x) = We now illustrate the theme developed in Corollary 3.3 to construct some special types of weighted translation semigroups by choosing some special types of symbols.
Example 3.8 : Let ϕ be the symbol for the semigroup {S t }. In the following examples, the weight function ϕ t is essentially bounded for every t ∈ R + .
(1) Let ϕ(x) = √ x + 1,
These functions are concave. Thus by Corollary 3.3 (1), the semigroups {S t } corresponding to these symbols ϕ are 2-hyperexpansive. (2) If ϕ is a polynomial of degree m − 1, then by Corollary 3.3 (2) the corresponding semigroup {S t } is an m-isometry. (3) Let ϕ(x) = log(x + 2), ϕ(x) = 2 − e −x , ϕ(x) = x + 1. These functions are completely alternating. Thus by Corollary 3.3 (3), the semigroups {S t } corresponding to these symbols ϕ are completely hyperexpansive. (4) Let ϕ(x) = 1 x+1 , ϕ(x) = e −x . These functions are completely monotone. Thus by Corollary 3.3 (4), the semigroups {S t } corresponding to these symbols ϕ are subnormal contractions.
This function is absolutely monotone. Thus by Corollary 3.3 (5), the semigroup {S t } corresponding to the symbol ϕ is alternatingly hyperexpansive.
If 0 < λ < 1, then ϕ (n) > 0 for n odd and ϕ (n) < 0 for n even. In this case, ϕ is a completely alternating function and the corresponding semigroup {S t } is completely hyperexpansive. If λ > 1, then ϕ (n) < 0 for n odd and ϕ (n) > 0 for n even. In this case, ϕ is a completely monotone function and the corresponding semigroup {S t } is a subnormal contraction. (7) Let ϕ(x) = e x . Since log ϕ is convex, the corresponding semigroup {S t } is hyponormal. By Corollary 3.3 (4), this semigroup is not subnormal.
In [12, Theorem 1], it was proved that if a function ϕ is completely monotone, then log ϕ is convex. We now present a different proof of the this fact using Corollary 3.3.
Proposition 3.9. If a function ϕ is completely monotone, then log ϕ is convex.
Proof. Suppose a positive C ∞ function ϕ is completely monotone. Then the weight function ϕ t is essentially bounded. Therefore by Corollary 3.3 (4), the semigroup {S t } with symbol ϕ is subnormal. This implies that the semigroup {S t } is hyponormal [9, Proposition 4.2]. Hence by Theorem 2.4, the function log ϕ is convex.
Cauchy dual of hyperexpansive weighted translation semigroups {S t }
A notion of the Cauchy dual of a left invertible operator was introduced by S. Shimorin [17] . Recall that for a left invertible operator T, the Cauchy dual T ′ of T is defined as T ′ = T (T * T ) −1 . Note that an operator T is left invertible if and only if T is injective and range of T is closed.
In this section, we shall discuss the Cauchy dual of a hyperexpansive weighted translation semigroup. In particular, the Cauchy duals of completely hyperexpansive, 2-hyperexpansive and 2-isometric weighted translation semigroups have been discussed. Though the Cuachy duals of each of these classes of operators have been dealt with in the literature [3] , [4] , [7] , [18] , the function theoretic considerations allow one to give considerably simpler proofs in the context of a weighted translation semigroup. Let {S t } be a weighted translation semigroup with symbol ϕ. It is easy to check that for every t ∈ R + , the operator S t is injective. Further, if we impose a condition that for every t ∈ R + , inf x ϕ(x+t) ϕ(x) > 0, then the range of S t is closed, implying that operator S t is left invertible for every t ∈ R + . We say that the semigroup {S t } is left invertible if every operator S t in that semigroup is left invertible. Thus the stated condition on ϕ ensures the left invertibility of the semigroup {S t }. In this case, the operator (S * t S t ) −1 S * t is a left inverse of S t . Observe that for any t ∈ R + ,
Now it is easy to see that the Cauchy dual S ′ t of S t is given by
Observe that for t ∈ R + , the family of operators {S ′ t } also forms a semigroup. We say that the weighted translation semigroup {S ′ t } is a Cauchy dual of the weighted translation semigroup {S t }. Proof. In view of Corollary 3.3 (3),(4) and Remark 4.1, it is sufficient to prove that if ϕ is a completely alternating function, then the function 1 ϕ is completely monotone. This result is a special case of [15, Theorem 3.6(ii) ]. However, we give a direct and simple proof of this fact. Let ψ = 1 ϕ . As ϕ is a completely alternating function, derivatives of ϕ of odd orders are non-negative and derivatives of ϕ of even orders are non-positive. We need to show that derivatives of ψ of odd orders are non-positive and derivatives of ψ of even orders are non-negative. Now
Suppose k and n are positive integers. Suppose ψ (k) ≤ 0 if k is odd and ψ (k) ≥ 0 if k is even for k < n. We now want to prove that ψ (n) ≤ 0 if n is odd and ψ (n) ≥ 0 if n is even. Note that ψϕ = 1. Therefore (ψϕ) (n) = 0. We have
Suppose n is odd, then n−1 is even. Therefore
Since each term on right hand side is non-positive, the left hand side ψ (n) ϕ ≤ 0, but ϕ > 0. Hence ψ (n) ≤ 0. Suppose n is even, then n − 1 is odd. Therefore ψ (n−1) ≤ 0, ϕ ′ ≥ 0. Since n − 2 is even, ψ (n−2) ≥ 0, ϕ ′′ ≤ 0. Continuing this argument, ψ ′ ≤ 0, ϕ (n−1) ≥ 0 and ψ > 0, ϕ (n) ≤ 0. Since each term on right hand side is non-negative, the left hand side ψ (n) ϕ ≥ 0, but ϕ > 0. Therefore ψ (n) ≥ 0. Hence ψ = 1 ϕ is a completely monotone function.
Remark 4.4 :
The technique used in the proof of 4.3 allows one to give a simpler proof of the fact that if T is a completely hyperexpansive weighted shift, then its Cauchy dual T ′ is a subnormal contraction. Recall that a weighted shift operator T : {α n }, with weight sequence {α n } on a Hilbert space H, with orthonormal basis {e n } ∞ n=0 is defined by T e n = α n e n+1 . The sequence {β n } associated with T is defined by β 0 = 1, β n = n−1 k=0 α 2 k (n ≥ 1). Note that β n = ||T n e 0 || 2 and α n = β n+1 βn , n ≥ 0. Recall that the Cauchy dual of a weighted shift operator T : {α n }, is a weighted shift operator
Recall that a weighted shift T is completely hyperexpansive (subnormal contraction) if and only if the sequence n → β n is completely alternating (completely monotone). The forward difference operator on N is defined as (∆φ)(n) = φ(n + 1) − φ(n). The map φ is completely alternating if and only if (−1) k ∆ k φ(n) ≤ 0 and the map φ is completely monotone if and only if (−1) k ∆ k φ(n) ≥ 0. Let ϕ(n) = β n and ψ(n) = 1 ϕ(n) . A formula similar to Leibnitz theorem for the derivative of a product of two functions is as follows:
Now using the argument similar to that in the proof of Proposition 4.3, it can be proved that if the sequence ϕ(n) is completely alternating, then the sequence ψ(n) = 1 ϕ(n) is completely monotone.
Remark 4.5 :
In view of Corollary 3.3 and Proposition 4.3, it is instructive to account for a procedure to generate a weighted shift operator from a weighted translation semigroup and vice versa in the context of a completely hyperexpansive weighted translation semigroup and its Cauchy dual. Let {S t } be a completely hyperexpansive weighted translation semigroup with symbol ϕ ∈ C ∞ . Define sequences β n and α n by
It is clear that the weighted shift operator with weight sequence {α n } is completely hyperexpansive. For the reverse process, we need to start with a completely hyperexpansive weighted shift operator T such that the corresponding completely alternating sequence {β n } n≥0 is minimal . Recall that a sequence {β n } is said to be minimal if the sequence {β 0 , β 1 − ǫ, β 2 − ǫ, · · · } is not completely alternating for any positive ǫ. By an application of [5, Theorem 1], there exists a completely alternating function ϕ on R + satisfying ϕ(n) = β n . Now the semigroup {S t } with symbol ϕ is clearly a completely hyperexpansive weighted translation semigroup. One may apply a similar procedure with complete hyperexpansion replaced by a subnormal contraction with appropriate changes in the definition of minimality of a completely monotone sequence. The details can be carried out by using [21, Chapter 4, Definition 14a, Theorem 14b]. The following diagram depicts the association of completely hyperexpansive weighted shift operators and completely hyperexpansive weighted translation semigroups as well as their respective Cauchy duals, as described above:
In the light of the positive result in case of a weighted shift operator, one might expect that the Cauchy dual of a completely hyperexpansive operator is a subnormal contraction. Though the problem still remains unsettled, in the special case of a 2-isometry, it was proved that the Cauchy dual of a 2-isometric weighted shift is a subnormal contraction [3, Theorem 2.5(3)]. The proof of this fact in the special case of a 2-isometric weighted translation semigroup is trivial.
We now turn our attention to the class 2-hyperexpansive weighted translation semigroups. Note that the class of 2-hyperexpansive operators is strictly bigger than the class of completely hyperexpansive operators. In [18] and [7, Theorem 2.9] , it is proved that if T is a 2-hyperexpansive operator, then its Cauchy dual is a hyponormal contraction. We now present a special case of this result for a 2-hyperexpansive weighted translation semigroup. 
Hence ψ = log 1 ϕ is a convex function.
Remark 4.7 :
If {S t } is a weighted translation semigroup, then the semigroup property implies that for any non-negative integer n, the operator S n t = S nt again belongs to the semigroup {S t }. In particular, if {S t } is a hyponormal semigroup, the each operator S t is power hyponormal. Thus the Cauchy dual S ′ t of a 2-hyperexpansive operator S t is power hyponormal.
Note that the Cauchy dual of a completely hyperexpansive weighted translation semigroup is a subnormal contraction (Proposition 4.3) and the Cauchy dual of a 2-hyperexpansive weighted translation semigroup is a hyponormal contraction (Proposition 4.6). Thus in this context, we now present an example of a 2-hyperexpansive weighted translation semigroup {S t } whose Cauchy dual is not a subnormal contraction. In view of the Remark 4.7, the Cauchy dual operator S ′ t in the following example is power hyponormal which is not subnormal.
Example 4.8 : Let {S t } be a weighted translation semigroup with symbol ϕ given by ϕ(x) = 2x − log(cosh(x − 10)) + 100. Observe that ϕ > 0 and ϕ ∈ C ∞ . Note that ϕ ′ (x) = 2 − tanh(x − 10) ≥ 0 and ϕ ′′ (x) = tanh 2 (x − 10)−1 ≤ 0. Therefore the function ϕ is concave implying that the semigroup {S t } is 2-hyperexpansive. Now
Observe that ϕ ′′′ (11) > 0 and ϕ ′′′ (0) < 0. Hence the function ϕ is not completely alternating. Consequently, the semigroup {S t } is not completely hyperexpansive. Let
By direct computations we get that ψ ′′′ (11) < 0 and ψ ′′′ (0) > 0. Hence the function ψ is not completely monotone. Thus the semigroup {S ′ t } is not a subnormal contraction.
The problem of describing the Cauchy dual of an alternatingly hyperexpansive operator, even in the special case of a weighted translation semigroup seems to be difficult. The following examples illustrate the situation in some simple cases. In view of Corollary 3.3(5) and Remark 4.1, we need to examine the reciprocal of an absolutely monotone function.
Example 4.9 :
(1) Let ϕ(x) = e x . It is an absolutely monotone function. Observe that the function 1 ϕ(x) = e −x is completely monotone. (2) The following result is a special case of [3, Proposition 4.3] . Let ϕ(x) = x 2 + px + q, p, q > 0. It is an absolutely monotone function. Suppose ϕ(x) has both complex roots. It is easy to see that the function 1 ϕ is not completely monotone. (3) Let ϕ(x) = x 2 + px + q, p, q > 0. Suppose ϕ(x) has both real roots.
It can be seen that the function 1 ϕ is completely monotone.
Concluding Remarks
The present work attempts to study the behaviour of an operator S t with a motivation to compare it with a weighted shift operator. The appearance of a function in place of a sequence allows one to use different techniques, not available in the discrete case. The authors believe that these techniques might be employed to tackle some problems about weighted shifts. In particular, the problem of characterizing m-isomeric transformations whose Cauchy dual is a contractive subnormal operator is challenging even in the case of a weighted shift operator. Though some special cases of this problem have been discussed in [3] , the general case still remains unanswered. In a separate article as a sequel to this, authors have developed an analytic model for left invertible weighted translation semigroups enabling one to realize every left invertible operator S t as a multiplication by z on some suitable reproducing kernel Hilbert space. In particular the model applies to hyperexpansive weighted translation semigroups. Further we shall also describe the spectral picture of a left invertible weighted translation semigroup. In the process, we shall point out that in contrast with the situation for weighted shift operators, the kernel of the adjoint S * t is infinite dimensional.
